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This paper is concerned with optimal allocation of investment in a two-sector 
open economy with non-shiftable capital. We have assumed a stationary popula- 
tion and fixed terms of trade. It has been shown that, if the economy starts 
with a small amount of capital in each sector, the myopic decision rule under 
static expectations will not be compatible with the conditions of optimal in- 
vestment allocation. 

I. INTRODUCTION 

A few years ago Arrow El] observed that investment decisions made 
according to a myopic decision rule under perfect foresight result in an 
optimal capital policy provided investment is reversible. In case of 
irreversible investment the non-negativity constraint on gross investment 
may be effective somewhere on the optimal path. When this situation 
occurs, the equivalence of the myopic decision rule and the optimal 
capital policy breaks down. The treatment of the non-negativity constraint 
on gross investment was discussed in further detail by Arrow [2]. If we 
consider the optimal investment policy of an economy endowed with 
heterogeneous (or non-shiftable) capital, the non-negativity constraints 
on gross investments in different types of capital may be effective some- 
where on the optimal path. In such a case the myopic decision rule is not 
necessarily consistent with the optimal capital policy. Shell and Stiglitz [6] 
considered an economy producing only one type of good with the aid 
of two types of capital and labor. The production function was assume 
to be of the Cobb-Douglas type. Because of this special assumption in 
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va!uable suggestions. 
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their model the critical path of capital accumulation (along which the 
rates of return on both types of capital are equal) is a straight line with 
positive slope. Once this critical path is reached, it is possible for the 
economy to stay on this path indefinitely. Since the critical path has this 
interesting property it follows from their discussion that investment 
decisions made under the myopic decision rule (with static expectations 
regarding the prices of capital goods) result in an optimal path of capital 
accumulation. 

In this paper we shall consider a two-sector open economy where 
capital goods are not shiftable from one sector to the other. The terms of 
trade with the rest of the world are assumed to be fixed. Here the critical 
path (Rybczynski Locus), unlike the one considered by Shell-Stiglitz, 
has a negative slope. Hence, in this case it is not possible for the economy 
to stay on the critical path. It is shown below that in this case the myopic 
decision rule under static price expectations does not necessarily imply 
the optimal capital policy. 

II. THE PROBLEM 

Consider an economy which consists of a consumption goods sector 
(F) and a manufacturing sector (M). The production functions are denoted 
as follows: 

F = F,VG 2 LA (1) 

M = EnWm , Lm), (2) 

where Kj and Lj are the amounts of capital and labor used in the j-th sector. 
The production functions are assumed to be strictly concave with respect 
to their arguments. Capital cannot be shifted from one sector to the 
other but labor is a perfectly mobile factor of production. Production 
functions are subject to constant returns to scale and the total supply 
of labor is fixed. Hence, without any loss of generality we can write, 

Lf+L, = 1. (3) 

The economy is engaged in trade with a fixed terms of trade P (= Pf/Pm). 
We assume that P has a value such that both the commodities will be 
produced for some value of total capital stock (KY + K&), if capital 
were shiftable from one sector to the other. Let x, and X, denote the 
amounts of the consumption goods and the manufacturing goods exported 
from the country. From the condition of balanced trade, 

P * Xf + x, = 0. 
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Let C and I denote the amounts of consumption and investment res 
tively. Hence, by definition, 

c =F--Xf, (3 

I=M+P*xf, (41 

We assume that the planners’ objective is 

maximize 
s 

ac U(C) - dt, m 
0 

where U’(C) > 0, U’(C) < 0. Also B - U(C) > 0 for some > 0 and 
0 < C < co. Following Pontryagin’s maximum principle [5], we can 
write the Hamiltonian as: 

H = U(C) + [lu,A + ‘,u,(l - U(M + fJ - %I, (8) 

where Kf = hl, J& = (1 - X)1, and X E [O, l]. Here h is the proportion 
of investment going to the consumption goods sector. Since H is a linear 
function of h, maximizing H with respect to h yields 

h = 1, 

h E iI09 11, 
x = 0, 

when YI = Y2 9 

There are three control variables: h, xf , L, . Maximizing N wit 
to the last two variables and defining Y = max(“U, , “yz) we get: 

ece 

e can interpret Y as the imputed price of investment goods in terms 
of utility. The transversahty conditions require that YI 
should be minimum values consistent with YI(t) > 0 and 
all t 2 0. Along the optimal path I > 0. If I= 0, instead of Eq. (11) 
we get v’(C) > P . Y with C = F + M/ID. Since in this case the economy 
repeats itself over time, it can be shown that YI(t) < 0 for some sinite 1. 
This violates the condition for optimality. The transversahty conditions 
imply that Y(t) assumes the minimum value among all possible chokes 
of Y(t) satisfying the necessary conditions. It can be shown that, for 
a higher value of Y(O)), Y(t) is higher at each polint of time irnp~yi~~ 
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a lower C(t) for all t > 0. From Eqs. (10) and (11) we get the following: 

Equation (12) implies that the planners select a point on the transforma- 
tion frontier such that the slope of the frontier at that point equals P. 
Equation (11) tells us how Y’ determines the values of C and I. The Yj”s 
determine the allocation of investment according to Eq. (9). Along the 
optimal path Y’l(t) and Yz(t) must satisfy the following conditions: 

Equations (9) through (14) describe the necessary conditions which an 
optimal path must satisfy. Since along the optimal path the Hamiltonian 
assumes a constant value, say H, Eqs. (6), (S), (9), and (11) yield 

which determines the relation between C and I at each point of time. 

III. THE OPTIMAL PATH 

In this section we shall prove a theorem regarding non-optimality of 
the myopic decision rule. Before doing so, we should explain a few things. 
Given our assumption of a fixed terms of trade, the locus of the points 

SM SF 
-==*w- wn 

in the KfK, plane is a straight line with negative slope. This critical path 
will be called Rybczynski Locus. A detailed discussion on Rybczynski 
Locus and the proof of the following proposition can be found in [3]. 

PROPOSITION. If the consumption sector is relatively ‘capital intensive, 
6M/SK, > P * SF/SK, for any point below the Rybczynski Locus. On 
the other hand, &!4/6K, < P * 6F/SK, for any point above it. If the 
manufacturing sector is capital intensive, the result is reversed. 
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THEOREM 1. An optimal path which crosses the ~yb~~ynski Locus 
cannot be generated by the myopic decision rule. 

Proof. Without any loss of generality, assume the consumption sectsr 
to be relatively capital intensive. Suppose there exists an Q~t~al pat 
which crosses the Rybczynski Locus and is consistent with myopic 
behavior. In other words, along this path, (Y1 - “s’,) > 0 when 

and vice versa. Let T denote the time when the path intersects 
Rybczynski Locus with Y,(T) = Y,(T). We shall show that such a path 
cannot imal. 

Since and Yz(t) are continuous functions of f (see Theorem 3, 
p. 48, of 1511, 

2% [Yj(T $ T) - Y&T - T)] = 0; j = 1,2; 7 > 0. (16) 

Let q(t) = Y1(t) - Y2(t). Initially r(t) < 0 and for t > T, r(t) > 

d”,= -uy&f-+y.2g:y. 
dt f m  

-!gLp.gj. 
m  f 

Consider T - T for some T > 0. Since at T - 7,6M/6K, > P . 6F/6Kf 9 

drj/dt > 0 at T-r. (173 

Similarly, 

d?;r/dt < 0 at T+ 7. W 

We also know that 

?l@) < 0, for 0 < t < T, 

rl(t) = 0, for t = T, WI 

?@I > 03 for t > T. 

Conditions (17) through (19) imply that q(t) must be discontinuous at K 
Therefore either Yl(t) or Y2(t) or both are discontinuous at T. This 
contradicts Eq. (16). Hence such a path cannot be optimal. 

When the consumption goods sector is capital intensive, it can be 
shown that asymptotically Y = Y1 > Y2, h = 1. Otherwise !Pl(t) < 0 
for some finite t. Again, any optimal path which starts below the 

642171 I -9 
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Rybczynski Locus must cross the Locus. Otherwise, YZ(t) < 0 for some 
finite t. Asymptotically q(t) 3 0, which implies 

It is easy to see that Yl(t) > YZ(t), everywhere on or above the Rybczynski 
Locus. Suppose at t, the economy is somewhere on or above the 
Rybczynski Locus. Then, for all T > t, the expression under the sign of 
integration in Eq. (20) must be negative. Therefore by Eq. (20), 
Yl(t) > Y2(t). This result implies that Yl(t) can equal Y&t) only inside 
the Rybczynski Locus. In other words, the optimal switching locus must 
lie inside the Rybczynski Locus. 

The situation is illustrated in Figure 1, which shows that myopic 

FIG. 1. The optimal paths. 

decision under static price expectations is optimal everywhere except in 
the band between the optimal switching locus and the myopic switching 
(Rybczynski) locus. 

Throughout this discussion we assumed that the supply of workers is 
fixed. If the number of workers is assumed to grow over time, a Rybczynski 
Locus can be drawn like the one in Figure 1, with Kj’s being deflated by 
the total number of workers. Even in this case Theorem 1 holds true. 
However, when the number of workers is growing exponentially, it is 
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possible for the economy to run allong the Rybczynski Locus and approach 
a limit point (see [3, pp. 57-681). This implies that an optimal path, after 
reaching the Rybczynski Locus, may lie on it forever. 
optimal path need not cross the Rybczynski Locus, an 
for ogtimality may be consistent with the myopic decision rule. 
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