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Abstract

Non-contrastive self-supervised learning (SSL) shapes first-
and second-order feature statistics but largely ignores
the local geometry of the data manifold. We introduce
CurvSSL and its RKHS extension kernel CurvSSL, which
augment a standard two-view encoder–projector and Bar-
low Twins–style loss with a curvature-based regularizer.
Each embedding obtains a discrete curvature score from its
k nearest neighbors—via cosine interactions on the unit hy-
persphere or, in the kernel version, a normalized local Gram
matrix. A Barlow-style loss aligns curvature across aug-
mentations and decorrelates curvature patterns across sam-
ples, enforcing both invariance and consistent local mani-
fold bending. Experiments on MNIST and CIFAR-10 with
ResNet-18 show competitive or improved linear evaluation
over Barlow Twins and VICReg, highlighting curvature as
an effective complement to statistical SSL regularization.

1. Introduction
Self-supervised learning (SSL) replaces labels with sur-
rogate objectives over augmented views [18, 23]. Con-
trastive InfoNCE methods maximize agreement between
positives while repelling negatives [3, 22], whereas non-
contrastive approaches avoid negatives using invariance
plus variance/covariance or redundancy-reduction penal-
ties [2, 9, 21, 24]; examples include Barlow Twins [25]
and VICReg [2]. These methods mostly regularize first-
and second-order statistics in a flat Euclidean embedding
space, but high-dimensional data typically lie near lower-
dimensional manifolds and standard SSL does not explic-
itly control the local manifold geometry, so augmentations
can be Euclidean-close yet induce different local neighbor-
hoods or tangents—distorting structure important for re-
trieval, clustering, or semi-supervised learning.

Curvature quantifies local bending: classical angular-
defect constructions measure deviation from 2π around a
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vertex [4, 5, 11, 16, 19], and one can view each data point
as a vertex whose k nearest neighbors form faces [6]; trans-
lating neighbors to the origin, projecting them onto the unit
hypersphere, and aggregating cosine similarities yields a
scalar curvature score. This idea extends to RKHS via ker-
nel inner products and normalized Gram matrices [8, 24].

Motivated by this, we propose curvature-regularized
SSL (CurvSSL) and its kernel variant. Using a stan-
dard two-view encoder–projector and a Barlow Twins–style
redundancy-reduction term [25], we compute discrete cur-
vature scores from each projected embedding’s k near-
est neighbors and add a geometry-aware regularizer that
aligns curvature across augmentations and decorrelates cur-
vature patterns across samples via a Barlow Twins–style
loss on curvature matrices. Thus CurvSSL preserves in-
variance and redundancy reduction while explicitly encour-
aging consistency and diversity in local manifold bending
(and in RKHS via kernelized curvature), yielding compet-
itive ResNet-based [10] representations and showing that
shaping local geometry complements purely statistical reg-
ularizers.

2. Background on Polyhedron Curvature and
Angular Defect

A polytope in Rd has planar faces; in R2 and R3 these are
polygons and polyhedra. Examples include cube, tetrahe-
dron, octahedron, icosahedron, and dodecahedron [4]. For
a polygon, interior and exterior angles satisfy τj + µj = π.
Similarly, for polyhedra (Fig. 1-a), the intersection of the
unit sphere at a vertex with its opposite cone forms a spher-
ical polygon. Harriot’s 1603 theorem [16] states that for a
spherical triangle:

µ1 + µ2 + µ3 − π = 2π − (τ1 + τ2 + τ3),

generalizing for a k-gon to

µ1 + · · ·+ µk − kπ + 2π = 2π −
k∑

a=1

τa, (1)



Figure 1. (a) Polyhedron vertex, unit sphere, and the opposite
cone, (b) large and small curvature, (c) a point and its neighbors
normalized on a unit hyper-sphere around it.

where k faces meet at the vertex.
Descartes defined the angular defect at a vertex x [5]:

D(x) := 2π −
k∑

a=1

τa. (2)

The total defect over all vertices with v vertices, e edges,
and f faces is

D :=

v∑
i=1

D(xi) = 2π(v − e+ f), (3)

where v−e+f is the Euler–Poincaré characteristic [11, 19].
Smaller interior angles τ correspond to sharper corners
(Fig. 1-b), so angular defect naturally defines vertex cur-
vature.

3. Curvature Calculation for Data Points
3.1. Curvature Calculation in the Input Space
Following [6], each data point xi is treated as a vertex of
a hypothetical polyhedron whose k nearest neighbors form
the k faces meeting at that vertex (Fig. 1-a). Points with
higher curvature are more anomalous, motivating a curva-
ture score c(xi).

Since curvature is inversely proportional to the angles τa
between edges, we use cosine to define the score:

c(xi) ∝
1

τa
∝ cos(τa). (4)

Initially, summing over faces gives:

c(xi) :=

k∑
a=1

cos(τa) =

k∑
a=1

x̆⊤
a x̆a+1

||x̆a||2||x̆a+1||2
, (5)

where x̆a := xa − xi and x̆k+1 = x̆1.

To simplify, we relax this by summing cosines over all
edge pairs:

c(xi) :=

k−1∑
a=1

k∑
b=a+1

x̆⊤
a x̆b

||x̆a||2||x̆b||2
, (6)

with x̆a = xa − xi, x̆b = xb − xi. This corresponds to
normalizing neighbors onto the unit hypersphere (Fig. 1-c).

The relaxation is valid because if edges belong to the
same face, the calculation is exact; if not, changes in their
angles correlate with changes in angles of edges on the same
faces, maintaining consistency.

3.2. Curvature Calculation in the RKHS
To capture nonlinear patterns, we compute kernel curvature
in the RKHS [6]. Let ϕ : X → H map x ∈ X to RKHS H,
with ϕ(x) ∈ Rt (t ≫ d). The kernel is the inner product
[7, 12]:

k(x1,x2) := ϕ(x1)
⊤ϕ(x2), (7)

and the RKHS distance is [20]:

||ϕ(xi)− ϕ(xj)||2=
√
k(xi,xi)− 2k(xi,xj) + k(xj ,xj).

(8)

This distance is used to find k-NN in the RKHS.
For curvature, edges x̆a, x̆b are mapped to RKHS, re-

placing inner products with kernel values: k(x̆a, x̆b) =
ϕ(x̆a)

⊤ϕ(x̆b). Let Ki ∈ Rk×k be the kernel matrix of
neighbors of xi. Normalizing the vectors corresponds to
normalized kernel [1, 7]:

k′(x̆a, x̆b) :=
k(x̆a, x̆b)√

k(x̆a, x̆a) k(x̆b, x̆b)
. (9)

The kernel curvature score is then:

c(xi) :=

k−1∑
a=1

k∑
b=a+1

K ′
i,ab, (10)

where K ′
i,ab is the (a, b)-th element of the normalized ker-

nel K ′
i.

4. CurvSSL and Kernel CurvSSL

4.1. Network and Data Settings
The neural network for self-supervised learning contains an
encoder fθ followed by a projection head g. Let X ⊂Rd be
the input space, fθ : X →Rdh an encoder, and g : Rdh →
Rdz a projection head. Suppose T (x) denotes the distri-
bution of training data. For every training data instance,



we draw two stochastic augmentations (x,x′) ∼ T (x) and
pass them through the encoder and the projection head:

h = fθ(x) ∈ Rdh , z = g(h) ∈ Rdz ,

h′ = fθ(x
′) ∈ Rdh , z′ = g(h′) ∈ Rdz .

(11)

Every mini-batch, with size b, is {(zi, z
′
i)}bi=1.

4.2. Loss Function
We now describe the proposed self-supervised objective.
As before, let {(zi, z

′
i)}bi=1 denote the projected embed-

dings of two augmentations of a mini-batch of size b, where
zi = g(fθ(xi)) and z′

i = g(fθ(x
′
i)) ∈ Rdz . Our loss

has two components: (i) a redundancy-reduction term on
the embedding coordinates, in the spirit of Barlow Twins,
and (ii) a curvature-based term that aligns and decorrelates
curvature patterns across the batch.

4.2.1. Redundancy reduction in embedding space
We first normalize the projected embeddings per feature di-
mension:

z̃i =
zi − µz

σz + ε
, z̃′

i =
z′
i − µ′

z

σ′
z + ε

, (12)

where the division is element-wise, µz,σz ∈ Rdz are the
batch-wise mean and standard deviation of {zi}bi=1, and
similarly for µ′

z,σ
′
z and {z′

i}bi=1; ε > 0 is a small constant
for numerical stability. We then form the cross-correlation
matrix:

C ∈ Rdz×dz , Cuv :=
1

b

b∑
i=1

z̃i,u z̃
′
i,v, (13)

where Cuv is the (u, v)-th element of C and z̃i,u denotes
the u-th component of z̃i. Following Barlow Twins [25],
we enforce that the diagonal entries of C are close to 1
(strong agreement between views in each feature) while off-
diagonal entries are close to 0 (low redundancy between dif-
ferent features):

Lemb :=

dz∑
u=1

(Cuu − 1)2 + λemb

dz∑
u,v=1
u̸=v

C2
uv, (14)

where λemb > 0 controls the strength of the off-diagonal
penalty.

4.2.2. Curvature-based regularization
In addition to redundancy reduction at the coordinate level,
we regularize the local geometry of the learned manifold
via curvature. For each embedding zi, we compute a dis-
crete curvature score c(zi) by treating zi as a vertex of a
hypothetical polyhedron whose faces are spanned by its k-
nearest neighbors in the embedding space. Let {zi,a}ka=1

denote these neighbors, and define edge vectors z̆i,a :=
zi,a − zi. Normalizing these edges onto the unit hyper-
sphere and aggregating the pairwise cosine similarities be-
tween neighbor directions yields the curvature score (see
Eq. (6)):

c(zi) :=

k−1∑
a=1

k∑
b=a+1

z̆⊤
i,az̆i,b

∥z̆i,a∥2 ∥z̆i,b∥2
, (15)

which measures how sharply the local neighborhood around
zi bends. The kernel curvature score is (see Eq. (10)):

c(zi) :=

k−1∑
a=1

k∑
b=a+1

K ′
i,ab, (16)

where K ′
i,ab is the (a, b)-th element of the normalized ker-

nel kernel K ′
i between z̆i,a and z̆i,b.

Eqs. (15) and (16) can be used for curvature scores in
CurvSSL and kernel CurvSSL loss functions, respectively.
We compute analogous curvature scores c(z′

i) for the sec-
ond view.

Stacking the curvature scores into vectors c =
[c(z1), . . . , c(zb)]

⊤ and c′ = [c(z′
1), . . . , c(z

′
b)]

⊤ ∈ Rb,
we first normalize them across the batch:

c̃ =
c− µc1

σc + ε
, c̃′ =

c′ − µ′
c1

σ′
c + ε

, (17)

where µc, σc ∈ R are the mean and standard deviation of c,
µ′
c, σ

′
c are those of c′, the 1 ∈ Rb is the all-ones vector, and

ε > 0 is again a small constant. We then form a curvature-
derived matrix:

M ∈ Rb×b, M ij :=
1

b
c̃i c̃

′
j , (18)

where M ij denotes the (i, j)-th element of M , which plays
an analogous role to the cross-correlation matrix C, but now
at the sample level in terms of curvature. We encourage the
curvature of matched augmentations to agree (diagonal en-
tries of M close to 1) and the curvature patterns of different
samples to be decorrelated (off-diagonals close to 0):

Lcurv :=

b∑
i=1

(M ii − 1)2 + λcurv

b∑
i,j=1
i̸=j

M2
ij , (19)

where λcurv > 0 controls the strength of curvature-based
redundancy reduction.

4.2.3. Total objective and kernel extension
Our final self-supervised loss is a weighted sum of the
embedding-level and curvature-level terms:

L := Lemb + αcurv Lcurv, (20)



where αcurv > 0 balances the influence of curvature regular-
ization. In the Euclidean case, i.e., CurvSSL, c(·) is given
by Eq. (15). In the kernel curvature variant, i.e., kernel
CurvSSL, Eq. (16) is used for c(·).

The proposed objective enforces view invariance and re-
dundancy reduction at the level of embedding coordinates,
while simultaneously shaping the local manifold geometry
through curvature alignment and curvature-based decorre-
lation across the batch.

5. Experiments
We empirically evaluate the proposed curvature-regularized
self-supervised learning on two standard benchmarks,
MNIST [15] and CIFAR-10 [14], using a ResNet backbone
[10] and a two-stage protocol: (i) self-supervised pretrain-
ing with the proposed CurvSSL and kernel CurvSSL objec-
tives, and (ii) frozen-encoder linear evaluation. In addition,
we visualize the learned representations with UMAP [17] to
inspect the geometry induced by curvature regularization.

5.1. Experimental Setup
Datasets. We evaluate on MNIST [15] and CIFAR-10
[14], using the training split for SSL pretraining and stan-
dard train/test splits for linear evaluation.

Network and training. A ResNet-18 encoder [10] with
a two-layer MLP projector maps features to dz = 128.
We train using the total loss (20), where Lemb is Barlow
Twins (14) and Lcurv uses discrete or kernel curvature scores
(15),(16) with k = 10 neighbors. Models are trained with
Adam [13] (lr 10−3, wd 10−4, batch 256) for 100 epochs
on MNIST and 500 on CIFAR-10. Weights are fixed at
(λemb, λcurv, αcurv) = (1, 1, 1). Kernel CurvSSL uses an
RBF kernel.

Augmentations. MNIST uses random crops, small rota-
tions, RGB conversion, and normalization. CIFAR-10 uses
random crops, flips, color jitter, grayscale, and normaliza-
tion. Two augmented views per image pass through the
shared encoder–projector.

5.2. Linear Evaluation
Following standard protocol [2], we freeze fθ, discard g,
and train a small linear classifier (one hidden layer + batch
norm) for 50 epochs with SGD. Table 1 reports top-1 ac-
curacy. CurvSSL and kernel CurvSSL achieve competi-
tive results on MNIST and CIFAR-10; the curvature term
preserves discriminative features, and kernel CurvSSL typ-
ically performs best due to improved nonlinear modeling.

5.3. UMAP Visualization
UMAP (with nneighbors = 15, min dist = 0.1) applied to
the learned encoder features shows clear digit clusters on

Table 1. Linear evaluation accuracy (%) on MNIST and CIFAR-
10 using a frozen ResNet-18 pretrained with each SSL method.

Method MNIST CIFAR-10

VicReg [2] 95.9 74.5
Barlow Twins [25] 94.9 73.6
CurvSSL (ours) 97.9 75.1
Kernel CurvSSL (ours) 98.4 76.5

(a) CurvSSL (Euclidean). (b) Kernel CurvSSL.

Figure 2. UMAP of MNIST encoder features after curvature-
regularized SSL, colored by digit class.

(a) CurvSSL (Euclidean). (b) Kernel CurvSSL.

Figure 3. UMAP of CIFAR-10 encoder features after curvature-
regularized SSL, colored by class.

MNIST (Fig. 2), with curvature regularization producing
tighter local neighborhoods. On CIFAR-10 (Fig. 3), both
CurvSSL variants form meaningful class regions despite
higher variability.

6. Conclusion

We introduced CurvSSL and kernel CurvSSL, which add
curvature-based regularization to a Barlow Twins–style SSL
objective to encourage both invariance and consistent local
manifold geometry. Experiments on MNIST and CIFAR-
10 show competitive accuracy and improved structure, sug-
gesting that modeling local geometry is a simple and effec-
tive complement to standard SSL methods.
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